Boolean locales are almost discrete. In fact, spatial Boolean locales are the same thing as discrete spaces. This does not make sense intuitionistically, since (non-trivial) discrete locales fail to be Boolean.
Introduction
If the open sets of a topological space form a complete Boolean algebra, instead of a mere complete Heyting algebra, then the space is "almost discrete": every Kolmogorov almost discrete space is in fact discrete. For this reasons complete Boolean algebras, when regarded as locales [5] , can be considered as "almost discrete" locales. From an intuitionistic point of view, on the contrary, Boolean locales have no reason to be considered almost discrete. Indeed, discrete locales are not Boolean (apart from the trivial case).
In this paper, we propose a possible constructive definition of an almost discrete locale. Actually, we argue that the notion of an overlap algebra [9, 1, 2, 3] can serve this purpose because: (i) every overlap algebra is an overt locale; (ii) every discrete locale is an overlap algebra; (iii) overlap algebras and Boolean locales coincide classically. Moreover, overlap algebras are to overt, strongly dense sublocales as Boolean locales are to dense sublocales. In fact, overlap algebras arise precisely has smallest overt, strongly dense sublocales. All these facts are proved in section 3.
Spatial overlap algebras are sober spaces in which every open is "weakly" regular (proposition 3.3). Spaces (not necessarily sober) enjoying this property are studied in section 2 and they are compared with Boolean ones (the two notions coincide classically).
Section 1 contains a few of preliminaries about locales and a specific limiting result on Boolean locales within an intuitionistic framework (proposition 1.1).
As it should be clear by now, we work intuitionistically, that is we do not assume the full Law of Excluded Middle (LEM), unless otherwise stated (which we usually do by means of the word "classically").
Finally, a piece of notation. Following Sambin, we write X ≬ Y to mean that X ∩ Y is inhabited (classically, X ∩ Y = ∅).
Preliminaries about locales
A frame is a complete lattice satisfying the infinite distributive law
Frames are the same thing as complete Heyting algebras, with x → y = {z | z∧ x ≤ y}. A morphism between frames is a map which preserves finite meets (hence, in particular, the top element 1) and arbitrary joins (hence, in particular, the bottom element 0). The category Loc of locales is the opposite of the category of frames. For an arrow f : X → Y in Loc, we write Ωf : ΩY → ΩX for the corresponding morphism of frames.
Loc has a terminal object 1 whose corresponding frame, usually written Ω instead of Ω1, is the power of a singleton set (the set of truth-values); this is the two-element set {0, 1} if and only if LEM holds.
The following are some features of Ω that remain valid also intuitionistically. For all p, q ∈ Ω, one has p ≤ q if and only if p = 1 ⇒ q = 1. Moreover, p = 1 if and only if p = 0 if and only if −p = 1. Also, for {p i | i ∈ I} ⊆ Ω, one has i∈I p i = 1 if and only if p i = 1 for some i ∈ I.
For every locale X, we let ! X be the unique map of locales from X to 1. So Ω! X (p) = {x ∈ ΩX | x = 1 and p = 1}. A locale X is overt if ! X , as a monotone map, has a left adjoint Pos X . Classically, every locale is overt. Even intuitionistically Pos X (x) = 1 is equivalent to Pos X (x) = 0, which in turn is equivalent to x = 0. However Pos X (x) = 1 is intuitionistically stronger than x = 0 and so Pos X (x) = 1 can be read as a positive way to express that x is different from 0.
Every (sober) topological space determines a locale X, where ΩX is the frame of open sets. Locales obtained in this way are called spatial. They are always overt and Pos X (x) = 1 means that the open set x is inhabited. A locale X is discrete if ΩX is the power of a set. Discrete locales are spatial and correspond to discrete topological spaces.
Sublocales
A closure operator on a poset X is a map c : X → X such that the conditions x ≤ c(x) = c(c(x)) and x ≤ y ⇒ c(x) ≤ c(y) hold identically. We write F ix(c) for the collection of all fixed points of c. Since c is idempotent, F ix(c) = Im(c), the image of c. A nucleus on a locale X is a closure operator j on ΩX that, in addition, preserves binary meets. In this case, F ix(j) is a frame where finite meets are calculated in ΩX and joins are given by j-closure of those in ΩX.
The locale X j such that ΩX j = F ix(j) is a sublocale of X [5] and the mapping x → j(x) is a regular monomorphism X j ֒→ X in Loc. 1 An example of nucleus is the map x → − − x (double negation nucleus).
For j 1 and j 2 nuclei, X j1 is a sublocale of X j2 if and only if F ix(j 1 ) ⊆ F ix(j 2 ) or, equivalently, if and only if j 2 (x) ≤ j 1 (x) for all x ∈ ΩX.
2 Thus sublocales, ordered by inclusion, are the opposite of N (X), the set of nuclei with point-wise ordering, which is actually a frame [5] .
The join of a family {X ji } of sublocales corresponds to the nucleus i∈I j i which maps x to i∈I j i (x). Meets of sublocales are better seen from another perspective. Sets of the form F ix(j), for j a nucleus on X, are precisely the subsets of ΩX which are closed under arbitrary meets and which contain x → y whenever they contain y (see [5] and [7] )).
3 Therefore, an arbitrary intersection of sets of that form still has the same form and so gives a sublocale.
The sublocale generated by a family of elements. Given any a ∈ ΩX, the nucleus x → (x → a) → a defines the smallest sublocale of X whose frame contains a (see [8, p. 43] ). As a consequence, given any subset A ⊆ ΩX, the nucleus
gives the smallest sublocale of X which contains A. For every x, y ∈ ΩX we thus have x ≤ j A (y) if and only if (y → a) ≤ (x → a) for all a ∈ A. Therefore j A (y) can also be defined as {x ∈ ΩX | (∀a ∈ A)( y → a ≤ x → a )}.
The nucleus "generated" by a closure operator. Given a closure operator c on ΩX, one can consider the sublocale generated by F ix(c); in the notation of the previous paragraph, the corresponding nucleus is j F ix(c) . So j F ix(c) (y) = b∈ΩX y → c(b) → c(b) . We claim that this can be simplified as follows.
Indeed, for every b ∈ ΩX, the right-hand side of (3) is less than or equal to
is less than or equal to (y → c(a ∧ y)) → c(a ∧ y) for every a ∈ ΩX; this is less than or equal to a → c(a ∧ y) because a ≤ y → c(a ∧ y). Note that j F ix(c) is the nucleus which best approximate c in the following sense: (i) j F ix(c) (x) ≤ c(x) for all x in ΩX and (ii) if j is another nucleus on X such that j(x) ≤ c(x) for all x ∈ ΩX, then j(x) ≤ j F ix(c) (x) for all x ∈ Ω. 1 The map x → j(x) from ΩX to ΩX j is the coequalizer in the categories of frames of the two projections from {(x 1 , x 2 ) | j(x 1 ) = j(x 2 )} (with pointwise operations) to ΩX.
2 X j 1 corresponds to the nucleus on X j 2 given by the mapping j 2 (x) → j 1 (j 2 (x)) = j 1 (x).
3 If S ⊆ ΩX is such a subset, then the corresponding nucleus is x → {s ∈ S | x ≤ s}.
Boolean locales
A locale is Boolean when ΩX is a Boolean algebra, that is, x ∨ −x = 1 holds identically (or, equivalently, − − x = x holds identically).
All possible examples of Boolean locales are of the form X −− , the sublocale corresponding to the double negation nucleus on some given locale. In fact, X is Boolean if and only if X −− = X. Also (see Exercise II.2.4 in [5] ), a sublocale X j ֒→ X is Boolean if and only if it is generated by a singleton (in the sense of the previous section), that is, there exists a ∈ ΩX such that j(x) = (x → a) → a for all x.
Classically, every discrete locale is (spatial and) Boolean. Intuitionistically, on the contrary, discrete locales are never 4 Boolean (otherwise LEM would be true). Actually, the following limiting result holds. 
there exists a join-preserving map
then Ω is Boolean, that is, LEM holds.
In the former case, F (x) = 1 for some x ∈ ΩX such that x = 1 and p = 1; hence p = 1. In the latter case, it is p = 1 otherwise F (−Ω! X (p)) = F (−1) = F (0) = 0; so p = 0 and hence −p = 1. This proves that p ∨ −p = 1 for every p ∈ Ω.
In view of this result, there are a number of things you cannot expect to prove within an intuitionistic setting. For instance
• no Boolean locale can be proved to be overt with Pos(1) = 1
• no Boolean locale can be proved to have any point (see [4] proposition 4.3 for similar results).
Almost discrete spaces
A topological space is Boolean if it defines a Boolean locale, that is, if its open subsets form a Boolean algebra.
Classically, a Boolean topological space which is also T 0 (Kolmogorov) is necessarily discrete (see lemma 2.1 and proposition 2.2 below). So classically, a locale is discrete if and only if it is both Boolean and spatial (recall that spatial locales correspond to spaces which are sober, hence T 0). For this reason, Boolean locales/spaces are also called "almost discrete".
Of course, such a terminology is unjustified intuitionistically since non-trivial discrete locales/spaces are never Boolean. Actually, in view of proposition 1.1, no topological space with at least one point can be proved to be Boolean. So the problem arises of finding a definition of "almost discrete" which is well-behaved also intuitionistically.
Let int be the interior operator on a space X. Given a set D of points, there are at least two (classical equivalent) ways to define the topological closure of D. We now look for some condition involving int and cl which could be taken as the definition of "almost discreteness"; of course, it should reduce to Booleanness under a classical reading.
Classically, the fact that X is Boolean can be expressed by anyone of the following three conditions: (i) the pseudo-complement operator int ( ) c on open sets is an involution, (ii) every open set is closed and (iii) every closed set is open. Accordingly, we consider three candidates for the definition of "almost discreteness", namely
In what follows, a space X is said to be T 0 if cl {x} = cl {y} implies x = y for every pair x, y of points of X; also X is T 1 if cl {x} = {x} for every point x in X.
Lemma 2.1 Let X be a topological space with interior operator int and weak closure operator cl . Then:
3. if int cl = cl and X is T 1, then X is discrete.
Proof 1. We must show that cl A ⊆ A for every open set A. So let x ∈ cl A. The set B = cl {x} is open by assumption and x ∈ B; therefore B ≬ A. This is cl {x} ≬ A, which implies {x} ≬ A. So x ∈ A.
2. We first claim that y ∈ cl {x} =⇒ x ∈ cl {y} for every x, y ∈ X. So let y ∈ cl {x}. For every open A such that x ∈ A, we have y ∈ cl {x} ⊆ cl A = A, that is, {y} ≬ A. This proves the claim. Therefore, from y ∈ cl {x} we get both cl {y} ⊆ cl {x} and cl {x} ⊆ cl {y}; hence y = x by T 0. So y ∈ cl {x} yields y ∈ {x} for every y. This means that cl {x} ⊆ {x} for all x, that is, X is T 1.
3. For every x ∈ X we have int {x} = int cl {x} = cl {x} = {x}. Therefore every subset of X is open. Proposition 2.2 For a topological space X the following are equivalent:
2. X is T 0 and satisfies int cl = cl . 6 In view of this result, we can define an almost discrete space to be a topological space such that int cl = cl holds.
What is an almost discrete locale? The question remains of what a good definition of "almost discrete" could be for a (not necessarily spatial) locale. One possibility is to mimic equation int cl = cl by means of the notion of weak closure for sublocales that, in its turn, depends on that of strong density (see [6] and section 3.1 below). We shall note explore that possibility. Instead we shall investigate a class of locales, namely overlap algebras (see section 3), which correspond to topological spaces satisfying the following equation (see proposition 3.3).
int cl int = int
What are the pros and cons of such a condition? Classically, (4) says that the pseudo-complement on opens is an involution (see discussion above) and so it is equivalent to int cl = cl . Moreover, (4) can be easily rendered in pointfree terms, as shown in section 3, and it characterizes a class of locales, namely overlap algebras, which are already present in the literature [1, 2, 3] . Finally, (4) clearly holds for a discrete locale (see also proposition 3.5). However, (4) is intuitionsitically weaker than int cl = cl , as shown by the Brouwerian counterexample below, and the author do not know whether it yields discreteness in the spatial case.
A Brouwerian counterexample. Thank to item 1. in lemma 2.1, the following implications hold.
We claim that the implication int cl int = int ⇒ int cl = cl fails constructively as well as cl int = int ⇒ int cl = cl . Each of them is equivalent to LEM. We prove this by constructing a family of topologies on the set 2 = {0, 1} of Boolean values 7 such that cl = id holds (where id is the identity operator on subsets) and hence also int cl int = int and cl int = int hold. Then we show that int = id (equivalently, int cl = cl ) holds for all topologies in this class only if LEM holds.
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Fix p ∈ Ω. We put P = {x ∈ 2 | p = 1} and, for D ⊆ 2, we also put Q D = {x ∈ 2 | P ⊆ D}. Let us consider the family τ = {D ⊆ 2 | D ⊆ P ∪ Q D }, which we claim to be a topology on 2. Clearly ∅ ∈ τ ; also 2 ∈ τ because Q 2 = 2.
i∈I Di for every given set I. So if D i ∈ τ for every i, then i∈I D i ⊆ i∈I (P ∪ Q Di ) ⊆ P ∪ i∈I Q Di ⊆ P ∪ Q i∈I Di . We now claim that every subset D ⊆ 2 is closed in this topology. Let x ∈ cl D and choose E = {x} ∪ P , which is open (because Q E = 2) and x ∈ E. Therefore E ≬ D; so either x ∈ D or P ≬ D. In the latter case p holds and so P = 2; thus τ becomes the discrete topology and x ∈ D anyway. Now if int = id were true, then {0} would be open and so 0 ∈ P ∪ Q {0} . This means that either p = 1 or (p = 1) ⇒ (0 = 1); hence p ∨ ¬p would always be 1. Here we show how to express "weakly regular" in the point-free language of overt locales. As usual, we seek inspiration in the spatial case. For X a spatial locale and a ∈ ΩX, the open set int cl a is the union of all opens x ∈ ΩX such that x ⊆ cl a. By definition, x ⊆ cl a means that z ≬ x ⇒ z ≬ a for all z ∈ ΩX. Now x ≬ y holds precisely when Pos X (x ∧ y) = 1 (spatial locales are overt). Thus we propose the following Definition 3.1 Let X be an overt locale with positivity predicate Pos X . We say that a ∈ ΩX is weakly regular when
Overlap algebras as almost discrete locales
In other words, a ∈ ΩX is weakly regular when, for every x ∈ ΩX,
We shall show that the weakly regular elements of an overt locale X form a sublocale which, moreover, is the smallest strongly dense sublocale of X (see section 3.1). Before that, we study those overt locales in which every element is weakly regular. 
Proof
The firts part follows at once from the previous discussion. What happens in the classical case is a consequence of proposition 2.2.
O-algebras were first introduced by Sambin (see [9] and also [1, 2, 3] ). Usually they are presented as special complete lattices, in a way similar to what is done in the following characterization.
Proposition 3.4
The frame underlying an o-algebra is precisely a complete lattice equipped with a symmetric relation > < such that the following conditions are identically satisfied.
Proof Assume we have a complete lattice satisfying the three conditions above. First, we show that such a lattice satisfies (1) so that it is a frame. By (9c), that is equivalent to show that z > < (x ∧ i∈I y i ) ⇒ z > < ( i∈I (x ∧ y i )) for all z. So assume the premise; by (9a) one gets (z ∧ x) > < ( i∈I y i ) and hence (z ∧ x) > < y i for some i ∈ I, by (9b). By (9a), that becomes z > < (x ∧ y i ) for some i ∈ I and so z > < ( i∈I (x ∧ y i )) by (9b).
Second, we show that the corresponding locale X is overt with Pos X (x) = 1 ⇔ x > < x. We must check that x > < x ⇒ p = 1 if and only if x ≤ Ω! X (p). By (9c) and (9b), the latter means that, for every z, if z > < x, then z > < 1 and, at the same time, p = 1. Clearly, z > < x yields z > < 1; therefore x ≤ Ω! X (p) is just equivalent to ∀z(z > < x ⇒ p = 1). By logic, this is just ∃z(z > < x) =⇒ p = 1. Now ∃z(z > < x) is tantamount to x > < x and we are done.
Third, we show that (8) holds for Pos X . By (9a), (x ∧ y) > < (x ∧ y) is equivalent to x > < y. So Pos X (x ∧ y) = 1 is equivalent to x > < y and hence (8) follows by (9c).
We now come to the opposite direction. Let X be an o-algebra. We define x > < y as Pos X (x ∧ y) = 1. Clearly > < is symmetric and satisfies (9a). Also, (9b) easily follows from (1) and from the fact that Pos X preserves joins. Finally, (9c) is a consequence of (8) and of the fact that Pos X is monotone. Proposition 3.5 Let X be a locale.
If X is discrete, then X is an o-algebra.
2. If X is overt and Boolean, then X is an o-algebra.
Classically, if X is an o-algebra, then X is (overt and) Boolean.
Proof 1. Let X be the power of a set S. In this case Pos X (x) = 1 means that x is an inhabited subset of S. So Pos X (x ∩ y) = 1 precisely when x ≬ y and condition (8) reads ∀z (z ≬ x) ⇒ (z ≬ y) =⇒ (x ⊆ y), which is true (make z vary over all singletons).
2. Assume ∀z( Pos X (z ∧ x) ≤ Pos X (z ∧ y)); in particular, Pos X (−y ∧ x) ≤ Pos X (−y ∧ y) = Pos(0) = 0, that is, −y ∧ x ≤ Ω!(0) = 0. Hence x ≤ − − y and so x ≤ y as wished.
3. Classically, Pos X (x) = 1 is x = 0. Thus the antecedent of condition (8) becomes ∀z((z ∧ x = 0) ⇒ (z ∧ y = 0)) which is classicallly equivalent to ∀z((z ∧ y = 0) ⇒ (z ∧ x = 0)). This means precisely ∀z((z ≤ −y) ⇒ (z ≤ −x)), that is, −y ≤ −x. So (8) states that (−y ≤ −x) ⇒ (x ≤ y) for all x, y ∈ ΩX. Therefore X is Boolean.
Items 2. and 3. say that o-algebras and Boolean locales coincide classically, a fact which was first noticed by Steve Vickers. Of course item 3. cannot hold intuitionistically because discrete locales are o-algebras (item 1.) but they are not Boolean. Finally, note that item 2. is of questionable interest because of proposition 1.1.
O-algebras are smallest strongly dense sublocales
There exists a well-known connection between Boolean locales and dense sublocales. Recall that a sublocale X j ֒→ X is dense if ΩX j contains the bottom element of ΩX, that is, if j(0) = 0. It is well known that X −− is the smallest dense sublocale of X. Therefore, Boolean locales arise precisely as smallest dense sublocales.
A different notion of density was introduced in [6] : X j is strongly dense in X if anyone of the following equivalent conditions holds
In particular, j(0) = j(Ω! X (0)) = Ω! X (0) = 0. So, strong density implies density. Classically, also the converse holds.
Item 3. says that X j ֒→ X is strongly dense precisely when Im(Ω! X ) ⊆ F ix(j). Therefore every locale has a smallest strongly dense sublocale, namely, the sublocale generated by Im(Ω! X ). By (2), the nucleus corresponding to the smallest strongly dense sublocale (see also [6] ) is given by
Locales in which the nucleus defined by (10) is the identity are constructive versions of Boolean locales. It is not hard to show that every discrete locale is of such a kind. So locales in which (10) is just the identity map could be called "almost discrete". However, since every discrete locale is overt, in the following we will be looking for an overt version of (10). So we switch our attention to strongly dense sublocales which are also overt. We start by recalling the following fact (see [6] , Lemma 1.11) .
Lemma 3.6 Let X be a locale and j be a nucleus on it.
1. If X j is strongly dense, then X is overt if and only if X j is overt.
2. If X is overt, then j • Ω! X = Ω! X if and only if Pos X • j = Pos X .
9
Proof 1. Let X be overt. For x ∈ ΩX j and p ∈ Ω one has:
So Pos Xj exists and is the restriction of Pos X to ΩX j . Vice versa, let X j be overt. For x ∈ ΩX and p ∈ Ω one has:
and so Pos X • j = Pos X . Vice versa, we must check that j • Ω! X (p) ≤ Ω! X (p) for all p ∈ Ω. Our claim is equivalent to Pos X • j • Ω! X (p) ≤ p which holds because it can be rewritten as
In particular the following facts are equivalent for a locale X:
1. X is overt; 2. every strongly dense sublocale of X is overt; 3. there exists an overt, strongly dense sublocale of X.
In fact, the smallest overt, strongly dense sublocale of X exists if and only if X is overt and, in that case, it is just the smallest strongly dense sublocale of X. The following gives a more explicit description of the smallest overt, strongly dense sublocale of an overt locale. Proposition 3.7 For X an overt locale, its smallest overt, strongly dense sublocale is the sublocale generated by the nucleus
Proof Let X be an overt locale. By triangular identities for adjunctions, Ω! X = Ω! X • Pos X • Ω! X and hence Im(Ω! X ) = F ix(Ω! X • Pos X ). Therefore the smallest strongly dense sublocale of X, which is the sublocale generated by Im(Ω! X ), coincides with the sublocale generated by F ix(Ω! X • Pos X ). By (3), the corresponding nucleus is y → z∈ΩX z → Ω! X • Pos X (z ∧ y) . 9 So, in the category of overt locales, strong density becomes equivalent to Pos X •j = Pos X . This is a special case of the definition of density proposed in [10] for an abstract category resembling Loc.
We call it R X . Thus x ≤ R X (y) if and only if Pos X (z ∧ x) ≤ Pos X (z ∧ y) for all z ∈ ΩX. Thereby (11) follows.
As expected, when adopting classical logic R X reduces to the double-negation nucleus. Indeed, Pos X (z ∧ x) ≤ Pos X (z ∧ y) means Pos X (z ∧ x) = 1 =⇒ Pos X (z ∧ y) = 1 which, by classical logic, is equivalent to Pos X (z ∧ y) = 1 =⇒ Pos X (z ∧ x) = 1. The latter is just (z ∧ y = 0) ⇒ (z ∧ x = 0), that is, (z ≤ −y) ⇒ (z ≤ −x). For this to hold for all z it is necessary and sufficient that −y ≤ −x or, equivalently, x ≤ − − y.
Intuitionistically, one only has R X (y) ≤ −−y for all y and hence the doublenegation sublocale X −− is in fact a sublocale of X RX .
Proposition 3.4 says that o-algebras are precisely the overt locales X for which R X is the identity nucleus. Thus we obtain the following at once.
Corollary 3.8 An overt locale X is an o-algebra if and only if it coincides with its own smallest overt, strongly dense sublocale.
In other words, the smallest overt, strongly dense sublocale of an overt locale is an o-algebra and every o-algebra can be obtained in this way.
Conclusions
The class of Boolean locales does not contain the discrete ones, intuitionistically. On the other hand the class of overlap algebras has the following features: (i) it contains discrete locales; (ii) it coincides with that of Boolean locales, classically; (iii) it corresponds to the smallest overt, strongly-dense sublocales (precisely as the Boolean locales correspond to smallest dense sublocales). Spatial overlap algebras are sober space in which every open is "weakly" regular. Classically, these are precisely the discrete spaces. Whether this fact is true intuitionistically or not is still an open question.
